
/• 

; 

C2> 

DT1C 

•"J« 

ELECTEf^ 

OCT 2 7 1983 a 
.op, o»aUoW» » W»C 

B \ 

Q- 
O 

PRINCETON   UNIVERSITY 
DEPARTMENT OF 

AEROSPACE AND MECHANICAL SCIENCES 

t) 
DISTRIBUTION STATEMENT A 

Approved fof public leleasaj 
Distributioc Unlimited ,_ 

ÖÖ 
to   A f    osy 

ni miiiin ait —•••—•• m vA 



DISCLAIMER NOTICE 

THIS DOCUMENT IS BEST QUALITY 
PRACTICABLE. THE COPY FURNISHED 
TO DTIC CONTAINED A SIGNIFICANT 
NUMBER OF PAGES WHICH DO NOT 
REPRODUCE LEGIBLY. 

• - ... —11   — ---••- 



PRINCETON   UNIVERSITY 

AERONAUTICAL ENGINEERING LABORATORY 

PAGE    1 

REPORT    164 

T^OP^TICAt ANALV3I5 OF THE DOVWWASfl DI3TPIBÜTI0S OVER 

HELICOPTER ROTOR3 IN FORWARD FLIGHT 

REPORT ?IO.   164 

Contract No. AF 33(038)-5875 

September 30,  1950 

Ac co 

Ju •' 

f€* 
sy- 
Dlstrfbtftloo/ 

Availability Codes 

'Avnil and/or 
Dtat i Special 

*1 \ 

m 
\ v. 

UNANNOUNCED 

Prepared by: 

E.  Seckel 

D/C. HaÄnQ 

A.  A.   MKolßXy 

Director of Project 

11*11      -.~:--.=-.-^* k.   iÜ 
""••—"•'•        —   " --•      - 



PRINCETON UNIVERSITY 

AERONAUTICAL ENGINEERING  LABORATORY 

PAGF    2 

REPORT   \(Z 

SUrTARY 

In order to provide a basic for the experimental study of 

the cownvash distribution over a rotor dice in forward flight, 

an atter.pt ha? be on made  to analyze  the probier,  theoretically by 

extending the veil-known monoplane vortex theory to cover the 

more cor.plicatec situation presented by the helicopter rotor. 

The  theoretical analysis of a helicopter equipped with a fully 

articulat-d  rotor  tr ^resented  in detail.     In order to check 

•••he   t;eor  ,  a   *« tailed   l.ivectlr?M Ion of ricti'* rotor was made. 

The  lac: of logical r^ru^ts from this  investigation has been 

trace«*   to  the  difficulty of locatlnr the roints at which the 

do'T.'-arh in measured with respect to the trailing vortices.    A 

Dosslbie solution to this problem has been developed and is in- 

cluded  in this r^nort. 

ITF.CX'CTICN 

There  la, at r-reccnt,   no  catisfactory theoretical method 

of oreÄletinp the dovnvash distribution over a rotor disc In 

forward  flifh*;   the raoct frequently used method being to arbi- 

trarily asrur.e  that the dlstributicn 1? either constant,  or 

tria:     lar  1..  e' Hf .    Tv is  lar*V. cf  1 .forma* ion  may  per'ously 

äffe . t t'e a  ri*y of the engineer to predict the Performance 

of a r.eltoptor,  or the air load distribution over the blades, 

and hence the structural limitations of the machine. 

1-SL-W  : -     . 
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In orrier to surmount this difficulty, an attempt has been 

mace to develop a theory which relates the downrash to the vor- 

tlcity shed from the blades.  It la the purpose of this report 

to develop this theory and to present it In such a form that it 

may be used by the average practicing engineer without a de- 

t.ille^ knowledge of the theory. 

To thin end, the results of this investigation have been 

i>ree*nteä in the form of simple numerical equations. That these 

equations are in error is not an indication that the theory is 

ir. eri-jr, but rather that it has over simplified a vcr%:  complex 

oroblem. 

It should be noted that the suggested notifications to the 

theory will add complications to the investigation which it was 

Gri.~ir.ally hosed could be avoidedf but will not, i.v: any way, in- 

crease the complexity of the equations which express the final 

results. 

SY.'-POLS 

V gross weight of helicopter,  pounds 

T rotor thrust, pounds 

% rotor torque,  foot pounds 

V rotor oitching moment, foot pounds 

L rotor rolling moment, foot pounds 

V resultant velocity at a blade element,  feet  per second 

R blade radius, feet 

r distance of blade element fron origin, feet 

,Ag; _r_^ n • • — 
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1 

? 
ft 

C 

b 

C 

cd, 

ratio of distance of blade element fron orlpin to 
blade  radius,  £ 

lift of a blade decent,  pounds 

two  clnenpional   lift  coefficient.   (—^T_) 

naps density of air,   slugs per cubic foot 

two c.lmenslonal   slope of the lift curve, per radian 

blade chord,  feet. 

ar.rrle of attack,  radians 

rotational velocity of rotor,  radians per second 

i .-  speed  ratio,  V £°g* 
XLR 

nunber of blades 

solidity ratio, be 

dD two  diner.pional  drap coefficient, — ".- 
^V^c 

5ej6 coefficients of quacradic equation for the two rlnen- 

tional drap coefficient, c^ - X 4. J 0   ~   ^ 0 T ^2 °^' 

CT      rotor thrust coefficient,  ( ) 
5 A TTR* 

Cn      rotor nitchlnr nonent coefficient,   ( £—») 

w 

r 

rotor rolling nonent  coefficient^ yt r) 
f re TTR

5 

rotor torque coefficient,  (-*—/*•     g ) 

downvach,  feet oer seconfi 

circulation 

ar.fular dicplacerent of blade about orlpin, radians 

constant part of blade root   Incidence,  radians 

total blade twist,  radians 

IBM ~ i -n        .. I»'   I mi-»  -1   in» I. 
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ft.      blade Incidence caused by cyclic pitch,  radians c 

°l#c2    cyclic pitch control coefficients, &c sc^cos V 4- c^sinV 

Q      flapping angle, radians 

Ao'al»*2 
hlf b? 

flapping angle coefficients, 
(?»a0 - äICO«¥- biilnV- a2cos2V - b2Sin24> 

T     autoratic Ditch change coefficient, -i2 

iS  
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VK^HOD OF  AKALY3I3 

Sinpllflec. Conception of the Rotor rise anc Vortey •,.'ake 

It Is acruneö that 2h discrete vortices are  shed fron the 

rotor c*lsc;  one fron each of four bla£e  stations,  for each of 6 

different b1ac*e azimuth positions.    The dovnvaah at the eise nay 

thus be conoute<*.  in terns of  the 2k vortices shed.    The strength 

of each vortey,  or. the other hand,   is related to the  strength of 

the circulation on the blades at  *k * pivotal*  points, anc: hence 

deoendp en the  V.v-.vrash created by all the ether tralllnr vor- 

tices. 

In nore detail,   the  rotor disc  is sollt up into 6 pie- 

shared  garner, tff,  which Are further divided into U zonea each by 

concentric circles.    (3ee Fir, 1).    The reasons for choosing: 6 

segnenta anc1 U  zones are purely those of eonnronlslnf; ease of 

computation with accuracy.    Kore accuracy would require a  small- 

er division of the disc, but would involve a trerendous increase 

in the cost anc difficulty of solvi-np, the cathenatlcs numerical- 

Referri-.r to Fir.  1,  it will be  seen that the  separate 

zenee are bounded by solid  ra'lal  lines and solid concentric 

circles.    It Is assumed that any blade section anywhere within 

one  zone voulc. have a constant value of circulation  T .    The 

value of that circulation is to be determined at a  "pivotal 

within the zone.    AB sho'n by Fip. 1, these points are located 

Bynr.etrieally in such a way that all points lie within the  trail. 

—--   -- 
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ing vortices anc  five as nearly average values vlthlr. the zone 

as  i«?  practical. 

">lr blatve vositiens arc eon3ic>rec,   recreecr.tc-.  by each of 

the  rolic. racial   lines anc  ht'iice Vy Iht*  racial   uouMfaried of 

the  r.or.ef..    :r.r:,ier M^-  II  In Fir.  1.    Since  tic bla^e   -!er 

on  the hounSftry Vetve^n the  zones,  it   is aerumee*  thit at any 

Mar?  station the cJroulatlor strength ir the average between 

the  r.onep hefere arc5 Vehinc*.    That  ir,  fror, -eint  IIA to rolnt 

II?, T =  üb-JlÜ-  ;  ;nc   fro-. poln • n. int II?. to noint IIP, V*±Ak 1 In. 

Th^re  1? a vertex nher  at  point Iir,  then,  of ntrcr.:th 

Af: •il^^u-rH.^) 

*i*r. ~f P  ""li* racial line vith a circular hev.r.c'ary.    The 

~*:re   *th ff far'.-,  ip ''t *"rr' nc."  b\   the  circulation  Firer\*th  ir 

*.p  *r .r •Mr: «orlv "c-er,    ~aer. of  three vort*.cer i? A  cv-V-te 

ho r so r-hec    eyte ,c*i?v  irvar'  .ile**,*  7'rA l'la'e  *r   *: «?  vz~*    sr. 

^••ele-' off  there,     7'r*  rrmva^h a*  ea-*'"  ^tv^tal  ~olr.T  s*ue   to 
rac"  -f  *"he  ' era* r'v c  vrr*iÄcp of ptre."*l   &Tip  • «*-*ei"*, t   c"  •.•;.:*•;•- 

* •• :r   »•er.-.-try. 

-  *•   ;-»tlc>\'| «"-ir-* If I-'»,* t-r.  f*r  the   .'1 y 1 1.T'"-!• 

Cvce* t ion of   the  rxi"." "^ •• -   anj   the  'W.e 

7 e  * * a ic  .i r :* .r '• *.! r r.  i -,vr 1 ve •   in th.li  - ir • 11 f'. e •  ; . c V r<*   1 • 

that  t:** vaty*  "rr*cy.   ?*, a*en ."say he  trAate " a- **::.•    the r* *cr 
r nsirt**.' c* r-  fi   Ite  r.-:-.'^r of aiAtloAr;   Ma ".er,   (*. . this    ? se 

'*).     T  i$   "^n : 1 * n  in a eo ^••ar^* '. voly  airv^le va-'.c  •••.•**ev "•a****!"-. 

^r..» 
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Z:.c Covr.rhrl. over the fisc bflr.r a function of the  feocetry of 

the vake pattern,   Is therefor*"  cstnrrln^c* by this acrurxtlon. 

The h\i<"e "cnr'iny,  An/  hrvxe  the-  srref rti-  o<   the  traiUnf vortl- 

coe,  arc,  hovrver,  rete:niter  by  the boundary conciTiO"c appro- 

print©   'c   :x'n *:'.:. f btnSoc.    Thin  rlrtrlifierf **a';e rv'itter.t •••cut.3 

he  apcroachcc"  an  thr  forvarfl   s^eet* hecane larre ror/.parcr.  to  the 

tip   ClC-lc. 

There ar*> other ss.tmv-tic.np v.'.ch are  lnr.^iaS: 

1.)   "r.?\l   r.tor rr.rl^ of attaek,  a  -  !lf.rt  cIsc  loa<*.- 

lr*r -   v:*^5  V. '\t  tre  trail!::," v:rtir€:' rAy 1» a- = ;rc: 

to  He  lr   the r'.ir.e of the rotor £lsc). 

?.!  ?.-%lacer.er.t cf the actual r.iilc«tin;t flov through 

*"• •*  ( * -r- \ •• ••'• •>•  • "w  Hf  ccwc*cere '•. P**;  "AY«***ai*** 

Jte?.":   flrV-,     Thi- 'ire*   l-~!lcr  ar.  lr.fi.rlf'  r.ur.- 

hcr of ' >.r-! ,  r<v':ceu to 6 tc dr.; IK;   the tr-mt- 

r.ent.     Z \ artr 1 • len,  hevrVcr,  t\." v•:rtic 1.r.   ehe/ 

:':;>:-. r. bl.iYJc  ru»*  t:   the cyclic vuria* ior. rf the 

h~*jr-  ''itle'-t*    1"  : er* ectfr<*  r. *  ir."" le^   1".   the   V«- 

r.ic. (•:».urv.ticn of  r»tAt iT.f,:"" b^aSer fc-r ^evrr.in* 

ir.f  the v«i>e. 

>'n"."n «v.  t:e  ^'or '.'1"C 

Referriv   M  Ft*.   *,   it  viVI  he   :.een tat  •:••  a?inuth Ma e 

ooßltlcn? ecr.rfere.* are  Identifies by the Kormr. r.^-.r-ra1 e I 

t: r-urh VI.    The ra~lal  bou".'.a: lea of the  roner,  an*  he.ee   t:.e 

ra(*ll at vhlch the vert teen pe**-  off, are cenotef Vy  th«   cavital 

let*era, A.   throuph D.    The  caoltal   letter V- ie. uce ' ar a  eub- 

—— -  - 
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jtCT'i^t', *"o ^^no^r pnv oi° nf  th*? ^or^.n n'irn*?i*s^?      TJ,"ri  i*?.""-tt|0 

letter  "  '." \^^n   sl-.l'h;•**;*•  to  cvr.vto  ar.;# of  the  r.np.tftl Totters, 

f:'^"3      :"'•;    •.    —;rr,    ''r   '" = 11      ,-.-.*    " *~      fh"-    &YVa l''0\t *.f iC :   ' v* 
' ' ' a* B 

ho T*Gft *"' r n   "»'"'.•"t0*'   ; ^ ^ 'J "*•**•'•• * Ci"    1*1   F'  *      1 

V:-r rirn^c rareralr 1   to 6.    TJ-.c  ra^al ror.it Icr.r cf t:-.? -tvctel 

uclnt- V-  tV: levr car* Vtte.-r *;  tvrcr;~r. "',     Ths  r.vh.Tcrit»-:? r. 

*:i-*  .' are tiee£  to   *.e**^t*j «'".:' vnl'-**fl '^  tie -ir-.M."- wriOrftls ar.r. 

.  -y   "#»t»er? •«'*r.T** * v*"! ••,     ?**JU ••'..•   f* r r.»"  .^.:; •   "*'• ••?*'. 1*  be 

v-v,  v' !.r:   r**-ep*  *n  *h-  *cv-t».iv   *t   f. e  nlvrtal  roJrt •••it:, ail- 

•••+'.    y r. -•,*.«, t.    ->   n    -j   v».«^ 4--. «   S "V»   - • >• >•-  * n * • * -    •»*•?»•- " "tv    * •   r *' T 

*er.o:t' •     r-   «    *•"   o      •««-»*••- 1     |-#/ «      •      '  -      • V-r.       •*•»-» I    r,     ... 

•«•»    i.;  ;»V  !n rjfc ,  tl'.p cJ:W*mUcr» t-  the  rw  ..v.. sc   rlvrtr.l 

It  ~>t" i &<|ii!*Hf> to '^. c ti.e  -c/Jil -*.'V.-l^r. of tie-    U"C 

u.'.r.r.etj'ical,   If r.o*  fror: ec#i.etlv:  .::.:/.: •':*•. l:r.s,   tl'.cr. fr:     "..-.c 

Btft: **• ( ' .*     f   r.;:-c*r;   ff   t!.c  rnt-ulu  i''*.i'.     Tlu -.'r..:    *.. «t  K.. 

eve- ri..rV«r -f ra*Ul cl-'ricr»  rir«^ r?tl*e' I• r.    }::'.:.:,  vl.ie 

•   e   • -v.'-Ti:'.-  A*   ••:<!  • !*. 'a*   i« ••!:.   .    1     .4?   :   i'     *       •    *   •:   n.     *a  e 

thv'ir.jt'    *      • •*•   -•'    •,   *   •* • t*. • \»'     r i   '      •«   ; ',  V        •*."»'    '".•:* 

ir.  ti'.o !*"r*''la**  vifl-i*";" of#  11  trail ir.," vr-:-*ey v ers  tj.-  • aw:.« 

VA^J. •*:•.".. ;•- •-, .^r*  v',..:l,."l  :.^r rr.-. ar.:   v« !:^a#^: -•.*•;.*: i.f the 

tral%ir»." v :%.?y 9nt**rr* ar tMc v.oInt*2 t. <* art*«;«.  .">* y?i:Ä. 

?*.c* r*.    '>:•«,  t' e rn'Inl   *tv:i:««rfl frcr. vi..'»:. ::.c  vrr'l'e* 

:---- • 
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pnrlnr" must "be oriented  GO  that one of the civ Is ions Ties on the 

fore-and-aft diameter of  the  disc.    Purely by  intuition It  seeras 

that  si7 racial civic-ions  is about the minimum for reasonable ac- 

curacy  in finrir.r the azimuth variations In Fane3, w.    Also for 

finrir.f* the racial  variation of these terms it  seenn  that four 

points on a blade  Is the mi- imum for reasonable accuracy.     This, 

cf  course,  means ?h points  in all.    Fortunately,   the 2^* equations 

result in;- are about  the largest number that can be  solved effi- 

ciently vith  standard  IHK equipment. 

Cr.e very important consideration in cfcooelnß the racii of 

the   ?cne boundaries i? to  keep the pivotal points from fallinr 

too  r.ear a  trail ir.m vortex.     Tome  time  was  spent on tryinr  to  es- 

tablish e-.r.e aralytical  rethod  for placing the pivotal points, 

hut  it "rove-",  far  too   Intricate  to be Tactical.     ~y trial and 

error the bert   rolution seem.ee  to be  locate the points at which, 

the vortices  p-rinr from the b]a*es at  equal distances alonr the 

r.la'e.*,  h*:ime  *A
5
-*.   *p-.5°,  xc*.7t and x*«1.0.    The rlvotal 

roiv.8 vrc locate; so  tiat they fell at points equidistant be- 

tween the trail ir.r "  rtirea or. the lateral diameter of the rotor. 

"'."»r    ave  the foll^-1-.- locations xa«.in?,  x^r,??*,   >:c~.5*0  an-". 

^valuat l^r. of  Coefficients 

The c'-o-.-nvAnl. at a pivotal r.oint,  nj,  due  to one of  the horre - 

rhoe v>rtieerf   L> rfj» may be eyrresser  as 

! A v   . - /AT-l\   V (2) 

asjM^.i.-iSj —_ 
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where  the  linear f'irensionn  involved in k   ,„T are  in per cent ra. 
n^.,o 

dlus of the rotor. 

The vortex is assured to have a positive sirn if its  sense 

is for nore positive  T inboArd, and less positive  V outboard 

of the  noint "J.    The dovnvash v,  is positive cc-nvarr.G,   so k 

is oosltive if the positive vortex induces covnvash at  the pi- 

votal point. 

Pif.  2 shovs a vortex she»'  fror, the  i5upstrear:i:   side of the 

r^tor ( y.; O?^ ).    The vortex ghovr. is positive as Refiner a- 

«.   -  » t . 

The >  coefficient  is in ti.ree parts !'s^+k?f !:,  due,  res- 

pe.-tivel.-^to  the  r,arts of  V.s  h^rseshce labile"  1,  2 and 7  in 

the fi-re. 

v.     »     -   •    :-/« 
i (; 

v. = 1   4. «-w Yn 
x« sir , V n 

V * 1/e 4- 1 /••> ^ *   * 

vhere i/e -.COG (V;;    - Vn) 

v %> I« it 

a 3   x.ccoY    - x^riV, 

c a xToi:.Vt. - x.clr.W 

/ 2       2 
«/X.+ X*.   -   2x_X,C3 8   i^. 

f * x.sin (V„   _yj 

- V J 

aaSiMiiiSM«fiiii'r5i«r i 'im-tatm 
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(M 

r\i  *.?  rr.v-ctirf-  pi'o  of  the r;t:.-   {   V*  > ^b0*, ,   l..^  7-rt:v 

-u*. ..   «M r« .     i       ",i**.'*-t?  t;.ö   '" IrT11 v^.r  cf   *•      •.-•••-- i:.      i ; .A . 

« -   ,- *• *:. •"*  .*. *i r •* •?" r.c 6 1 »*. »      r 

0 

o     - « ;      r- 
"1 jv-- ,   tr. 

PA»--«,   rr  lt., r.ft* th*?   -a't1   ~lfn a~  ;>efor?. 

.   ,c.: :. in v •-.. t-.* ,!•.•   vN«-- £.-.? vK = r--\   :< •- 

C--1-1- "j   VNs   -Vs   v   '••ir."   in  th"   =r*r*» VK< If"-  t. "    t/.f   -lr — 

of    '• IM W.6 ? av   5 or'   rrrr^r-t.     If v*e  cc-.r ic.cr   It     -.r:  of  t-/- 

70:-f V,, >  ^r   .   •••>   *' *   ";- r:nr*   ; p.ve  *: « c   'CSITP   ri.*:'.s.     7!.ere- 

f^re,   fr.p V*"^  or ,R'6,  k1   *-.r  fc.  ruet c"ro » out   •c-U'ir.r o:;\v  iu. 

?.     :•.:'.•./:.,   t. •*.., for  •..•'  *'"-*rt.*.r.* •,   lr 

- . ^~-;.--r... - ,  - .~ 
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CO-   fVYJ     + 
•j - v°* (yN.y^ 

x'; + x&    -    2x r coo  ( W  - V ) 

x.sin (VM- VO 

A 

x    con V¥.  - x. cos V, 
n 

x,  sin yn v   J      J J 

V):QTP .    f' 

-5 /*.- 

(x. »mV,   - /, p- - V, 

(6 

-J.U 
'iiir.J&Lf. „! 
• 1 n ^ 

•\; C 

'.ya*^^ for tir.e  glr:--."«y lor. Dl ^4 riJ^jtion. 

«-."   -* ••••:.nl  flov  Iff 

i«p v r 

!• sfV"Clc (5) 

v.\ :e re rv - s **ue: * r- 
/ oft. . ?o 

r.Q  V.irvr «q^&tlor, 7   to  er-;atior.  R *rtf  aolvir.p f:r F ,   the 

fo 11 r v: 1 -. r r* w 11 18 o btfti ne c; 

r ar* 
w (ra) 

"- -   *TTi-^.—~-.^ >-Mii-i.rti'."-.innii   r  •» liinrm     ^ 
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'••her'- c* 1 •*•  thn r*on°tric  anrl~ of attack. 

\t  q   cv-Pcific   ; ivotal   .'ioint,   ^cuation ca  is  PufcFcri  t'.-.~   in 

t>?  fr»"pr>'-inc nann^r. 

rnj-^ V'   ,   o< B.C. 
»-. < n.1 t-'; 

In eouatlon °h the  puhecriot nj ras be«n unSerllneö  to  inci- 

cat'"  trat a  s^rific r.ivotal   r.nlr.t  is r.^ant.     This  is of value 

*hrtn it  i«  nace8sary to cifferentiate  trie -.ivotal  uoint fror all 

the other r.clist's  ir.volvRc1  in  Fumatlons, 

""ho  ?yT"sr-ior. for 

*"cir.* r*'P*"" hn  vritter. ar 

total   cevrrras:":  at  a   s.eciTic • * • <* * r- «««•(,! 

4r^....ür,., 

Feeaupe of the relation bet'-<«*ri th* vortex strength, AT , 

R:\<*- th,-a circulation i" the r.eifhoorinr z.orer, ex .respe-* *ry cc.ua- 

tior.  1,   equation  1^ ray h"   re*Tltter  as 

v     *  I   S   L T (11) 
tij/-**» 

v.'.-.ere 
J.   fV. : If 

"cr*-•  that  :.«"    »r.*   J»*T  1:*.  the  ry reppio- cf  th** '*. c «' f ficierrt. 

Ir. nt:-\- '•".: "r     if the L coefficient  a*   th*    iv"tft1  -ci;\t  ~c   *.u? 

*.r   *• „  vorter  P!<*"*  a*   voint  Illh  ir heir"  mußi.'.rre: #   it   "r h' 

•-,r.  • -«it *<*". ft p; 

* «•»„**, n        re  III?    *2cUB -   kn    IT- ^Cii.' 

^'•' ••- :.£,(. • I—*"~ 
 -•• •-   -  
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For nny r.ivotal  point tn$ , ther. tvo  6ir,wltanecus equations 

r -    ar V    . c* ao w n* (9bj 

v - 15 L      r 
(II) 

"o^ice  that  oitV.fr "For •' can V?  eli-rate.l  fror, equations 9,J 

ar.r.  11. f  + p    - .-,».   t"i or,   v»   •.•r>v»f>    •  g <* * u'.cul;  \-c  ell- 

r>;.na*eÄ.     ':0'-? -Or,   fi-er   ']e ooir.t  of viev cf fi..cl:---  :'-s  aero:Iy- 

•uv.i:-  :   a'z rn  t!:c Maree,   it  is no re  ccrvs.-.ient  to   solve? for   T"1 

7 eref T ;•"•,   v Vst itu-ti n • eolation  II   lr.tc  ecuatlor. ?b an*  :'. ivifir •*• 

t'.r ••;. :. V':     ft." Hj.   t:.Ä  f :'l!o*-*i:if: r.on-cir.o-.Rional equation Is ot- 

taired. 

c <  1 ( j"n S      V. .  o< ... '> 1   / 

r.qua*.iv:. 1 *"!  is  so-Ti^.e ***!;.• ncn- *ir.cr.signal  an**  ar-ilies f~r 

*'f   • art!?*.:" ar r!vo*a!  r-oir.t  rj_.     Trer^ are ~M urxnow,    1   .. . 

correnüc.r. "1.. •  to   tne  *'•  r.c:t«f   !:#.c •••i.\    *"* rotor    ".-r  !•.  '.,1- 

re*,     "ote  t  a*   te  rTAMor. of  *.).e   ppcc.-'   '.err.  1 •*..•*! ."ec a     «   .. , 

00  t: «t  T.e   *'••.*:   r-efflelent  cf   (,U.   ir.: 

(a + 5Lr —} 

::o**e *.' **.   •*• *.c  1«.   n-  «c,  aticn IT  fcr e~c!     ivrtn*   roir.t 

*•. I   ,  of wr.Jc*   *VAre ar*1  "*J. #    Thus    **»Tir. *io"  * "* rev. ;•**•*«"••.• n. a  c- 
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Terr, of ?*  lir.^ir elation-.  In 2fc iii^.o^s.    Strictly  nv;r-a"-i.v.~> 

the ccefficif \n of tl-^fio   *•- «itioie ar? k .o*-. o:."Ly for ir.a spe- 

ciflc '.eIIco,*'t*.r nei ,f  -i:':.^;'^, bvt er-vlc  ce  has srov~ 

*  a.   V  '.ypleal - .i"   cr   -f a ar.3 £ arc; asrur.eS,   Gay a =.5. '/ra:V, 

an7  r/H ä #-r ,   no apir-vlable error '.••  Intro«?'" c~" .in  •fealir..:   -i'.. 

•',0r.ve..*• 20:. a **   * e".ir-0-;• *ej• «5. 

•"»• .-» v»< -«*-* ^a** * "4 *0 r,f "o xft^'o* "•" in ft'«***r^s"1 ''^ ° in ~ •*r~,r' 

of t>* pitr**?n"' an£ *">ayplny coefficients, etc., an.! i<: treated 

a-   if  it   1-  Iincm: 

V..   sfU   (.'.  + yjL  ir.Yr>} '' {:>; 

,,,......« 
• - ;  l' * 

It? 
+ ^A !:• V,- 

w 

I:     ?'T%.~. t   '• .0  •.     .••>  :C a:';a^-:  r*T a  V.f.'ö  c   .vre" •   r.a 

s •     •   -y. 

nyj) 

IljeJ 

l-a 

:A 'S' '\—1   "W 

V * sr-:..V 
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*   ,  » *    • V*aoTi -        tfLiZ    -      ~ Hh rcsV 

r ^fll^   . cJr.i:vV - (,.-T : ";.•,• A?. ,  2f 

'> t» i... :V (ite) 

: v.l ;.;.;;l;-i..     ?.\..r.:c:.     /•"•  "..'   Oo; A: -CJ   -'."",   4'".-^  fcl 

AiX 

i    >. r> 

St S*     \ i   , 

. r 
i ^- xi.-uT, - ?bv< ccc-   V4v-v:T: * M:) i *m ?V 

r 

v 

4.^."-":';\     ecu 2V  :i..y •^b,Tl t 4  :•'.- f 

*       f. 

^   . •.-.: *V s  •• U* 

VS     •     . :C.     -V 

""-iginÜ 
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cos 2 4*    GinV * h sin 3^    -  L  sinH' 

sin 2 4>    sin^ * J cos 4>- * cos 3 V 

ant? ne.-'lectinr all harmonics higher than the  second,  equation 
r15a) nay be rewritten In a  simpler f.orn 

^('o^o^l   +  ^Lil) + x(c2    - b1^1  -a^y^jcir/* 

• U^tc! - a1T1) -V y(-:>2t1 - 2a2)|sin 2 V (15b) 

vv.ere, of ccuree,   * and Prefer to the specific -ivotal point n£. 

?er»a;s'> of the "linearity of  the  cycler, of equations 12,  the 
r • 

CM pie to solution i'jc       *r  , fur the  ri.-ht aide . *vor. by equatio 

15*. ray he calculate* as the nun of the separate solution? to 

each of the eleven terns in equation 15b.    7urther,  the  cerara'.e 

solutions ray  ho   r.alc.ilatec  for ur.it  values of  the  'errs :.v:ve, 

A:..*  later rultir>lie* by the  actual values. 

Let the solution,      4e*g .  for th* unity value of any cf the c iL .\  * 

separate  terrc  in en;.a*ion l';b be Xn«,     If,  for any  -ore,   v«,  v* 

Plotted x.. va. 4* ve waul* obtain a steo pra^h.    This  ln.of 

, 

M _- 
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course, consistent with the previous ttorunptionc concerning the 

ßistrlbuticn of T over the else.    For convenier.ee in determining 

the airload ciistribution,   it  ie convenient to express X, as a 

tri£*noretric series in V .    Ucinp the least meaner  equarcf. error 

r.ethoc of approximation, ve obtain the veil-known harr c nie anal- 

ysis formulae« 

The series nay he expressed as: 

>" • « s    + e    coaV * t    sinV4 ß   cos 2V • t    ein 2 
• °       j 1 •» l *»~ J 2 

V (16) 

•..   ar.i 

.ITT 

'0 

ITT 

jH      IT   J    j 

r tt 
t,wt.-iX, (V) oin r.V*V 

-"      TT Je   . 

Tfcu r : he e :*pre c j i 0 •. s f0 r t ho series e e f f ic ien t s fcr X,  ( y ) are: 

8„8Älxr  - 2X„<*X..+ XI , * 2X    tX. \ 

X,.   -   X-.tX       -   v ^•rr t xv: •:} 

_^._ 1 



PRINCETON UNIVERSITY 

AERONAUTICAL ENGINEERING LABORATORY 

PACt'   2 0 

REPORT 1~:" 

Squat lor.s for the Air Load!  I-lstrlbutlon 

Knowing the hamonlc parts of X,  for the various rln-c     ' 

we car. evaluate the contribution of the unity value  .''or one of 

the r-arts of    ~**y**    to  the rotor rclUr.£ ar.C. pitch-in* ns-sr.ta, 

thrust anil t^rc"'-. 

a) Thrust; 

The basic  thrust eauation can be exnresseri ar: 

%• = b ^o V nr * 

cr: 

Ken re ; 

or: 

ex v 

r'° 
T   *   \ br. T o Vex 

7 f   fl_)   r   V   ) c.v 

7..er- 

where. 

•  r. » o C- • f v     .  V   .   - 

-I •• v - 'r^"t;i  öVn^48ir> cop2V * t .;Cln"V ;fv-y^-'. 

Hetair.i: * orly  thece ter: n v.\ ich  "Ive c: .''n.v.   •;* aver- 

a   •  \..r r\  *••• :^i   are,  *s.0+  yA.t     ,  equation 17a    a..-:•.- r;:v;r;if! 

ar' 
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Y* \(xBJo+*>tji) Sx 

or: 

c 
• I»» w 

(17b; 

(17c) 

1))  Pitching "or.er.t. 

Assuming a r.or.s up nor.ent af- positive,   the basic 

~ite:.lr..~ neniPr.t eq'Äticr. : c./ "Me vrlttcr. is: 

:once, 

dr»-r CCCVä? 

:::'s-yR   COBVCT 

Ma -bR J x  cos V_l *P 

r 
- -v-    x  "es r^.1 ex 

r.r 

-    i,o2 
.c 

r -1>R? \ x cos V Tc Vdx 

* - p'-sc ß/RM y   cccV.^r^)   (   V 
Jo '*4."-      Jir. 

•i.erefcre:  ^ ,0 

-?-  *   >:(> *>s,flir.yj  X.  ccsV:v 
v Jo 

k.'«i*.:     --1;   *.of.p  tcrr..- vl.i'»;: ccr.*r:vutT   *.c 

•tftr.t rar* of C„  pr*  cene I-r :*£<•. 

(lf-aj 

c o- - 

•» fv  » 

  ___ 
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or: c„ ft    rl - x^ . ö   y2.x^ 
T-^1 6r   + ^     *  6        '  Z*-*^    (l8c) 

1
 * <*\   *» 

£ - 

c)  TclUnr Kor.er.t 

/»ssur.lnf  thfci a roll  to  the ri~rt Is rrocitlve,  the 

basic rollir.r r.or.ent equation nay be written ae: 

cl s -rsi.-iV ":7   =  -xBcinVcT 

As p.bove, the equatlor r.ay be put In the fore 

*       ^D c^r 

or. 
+>pinHO   X.rinVcx ;i'a. 

\rair.,  retalr.in.-r cr.V:  the  constant   trrr.r,   the  equa- 

tion becor.es. 

Ct       f *   2 * 

or: 

C.      fi    y.. — x> . ,? 
— *5    -fc.^ >to   >•.    •     5 -A -AS^'8.   -   8,. 

* ft «f A 

(l?c; 

Torque 

l*-.e to the tiltir.r rT  r*e lift rector), ar.r. 

rq \ 

»V he 

Si 
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part cue  to  the profile c*raf: of the blades. 

1) Profile Torque-. 

The profile drafc of a blade e ler.cn t,   ftD    can be 

written ae: 

Setting 

and 

we ret 

eD0^ev-cdc 

% = 4*o + St -
1 

a 

C<i    o 

°V    ^o   *W)' 

Ci   s 
Vc 

Therefore 

Ker.ce 
•D- 

^XIK) c JT IT:3 * ;- 
{   r   l2 
cffR 

CO 

.?)  The Induced Torque 

F roc Fir. ** It will be nee-, that 

* » * • j 

where       a*  **•••*  •>Gt*>* O        i. \      I       c 

*r - ~*^^~*"**f*^- • ^•j-?    .       i • •     
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A      \ 

fir-. *   -£Tsin { 

. u 

ai.fi 

n.cr 

er 

A^: 

.0 

p - >n ,7.9- = £!£  [ft +1) 
2 1 

r    »IT*   Is    -   - + ~— avc 

c rjre : 

AT fin 1 - 
T . 

r »  •,•»>• 

:•-* this repul'j  ts  the profile  ."ra-,  the exr.rrs. 

r 
6 

V 
IT7        JT   -cff« a«; i ID' 

^ -. . 

r ?;• ;Vc'iv/:- • for  .v»< *r^ X.  f;.;- (_* 
««.?. . ell.. 

follower,.: ec .atic:;  is cV'aVe:. 
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+ (c:  .   ^r%)[  fr:.o.;4 i/k+.z] 

- h (a ~J>. ls^ + * ^i?** c;i + }- t;3+* s,|]] &*   (23a) 

bVen integrating, urn" retaining the constant terns, 

'.':•.'. D ecr.aticn beccrec: 

-S&.ijdv*) 

+5 i 
•?. 

—- L>\<1 (*. • acT,J 

4<*wj2    ci  - \\   *>^BJo -  n,2)   (c2 . > -tt) 

- —T (a - Jt)   (2c, 

r.<. •   x-, , 

.«ft 

•(«n 

1    StlJSfcl   (S,.o, 1' *nv1 
s.-' 

"n.arionn \7.\,   1?<v   V><: a:.:.  2?b   "ive  tr.r ro\t:-:*\i- 

tinnn tc  tho  t:.:\jf*t,   roll in- r *ra:;t,' * tcMn •.   1   ?:.t 

TiTRT^"--- -1 H    >lir       I      II   I 1     II III -    - 
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c-i.4;. torque o." a u.*it v.iV;e for an:-' on« of the 

ten-."- or. the riflit Bid« of equation 15b. 

liote  that if !%'? call the  various terns on the  rieht 

slc-e of equation 15b ,      f-, ,  f?   ,fn,  and cor- 

isspondi.v-.ly Co^f- the respective solutions fron e- 

nuations 17c,  lBc, and l?c aa    (fijjj   ,   (H)2  .... 

f"7p)li etc.,  th«n because of the ] lnearit,;- of tl.ese 

equations in  6'G and t's,   the total  thrust an5 no- 

!°'-.tr r*'1'" hi '-r it ten as: 

w- 

0" *"    (T 

r 

T  1 

c^> <r-i fi4("rJ2 fs T   *-    11       ° ' 

f^h'^tyt*» ,C 

T'l'     i: °3 

— 1 
C- C 
-*•   .  _^       -vi,"   -       to**-""} ;"•>•   -  ••••• 
<r •  (T • r •   

.7 rf? ro*\\rci 

*"rcn   "jq.i'l  i-i.ir. »••>.:VI**'.*r    •••rr.ricnf?  2**,  "-  arc 

26 c.v. *  1 rc,*-r;r*^e^ as oi:.'«ltanoous eq';ati***nn linear 

In  tl.« variables C;.r,tair.c*t*.  j.r  f..e  ?'• c  (M  ,y,v*-     «••-   ) 

<\*Y --f the roVr fevoeo or ronento v:.icb i-.vc"! vo 

b"!*•»'?   ".-.ir,  Isvic'    .6 t»:t*   •'*:••'•: a*.-*  "" f-rce,  V.T   ".or.- 

Vnear in efc a;.-; t'j ( ice equation 2~'..) n: * 

oirple 0*.mat ion is rot :>Gr.*iS9aMe. 

In -.:• 0;   *.o   jl.oc*; the appticaM? itv o* the t* •»or:* «n*  tf* 

g-r-^rrinigr „.asTr."^"  
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l<!*i",nthr"!   w-~rx'-   • AH ,v.-.   **•    '. f-  v.-. t-n*      1'+   «.-«•. «   c* $ •*» lä 0 3   tn   öftt'A  a   de- 

trilec! analysln of  the rifle"  no r»-f lapping rotor, for in thin case 

the  equations  tcO-Q a comparatively circle forr.. 

Equation 1? maintains the  sasse fern as 1:: the  general cane: 

(12) 

but equation,  "15b, for the right hanc*. ciöc of this equation :i: 

Sir • u ^(c2 _ 2x) + ::^+r^(^A * y(c: )  cos 

-A' (c2)  ccsS'fv^ (CX)   3ir.2V 

V 

(15c) 

T/.o  ."!'; sln.ltanee.;t: equation*? ro'.'.-os:   to*. *.y eq.a  ic;. 12 

vgrc  no • '.-v f-• ** *.  1*" Vc' uofl cf  Co«/, h cf  *.'..e e.'. :.t  j: J s    f  *•'  * ."• 

ir.  ocn.Vien 1  p »%n .  rf. • ."':•• c"    n   the  !'AI) •-. :-»t*.«ftl  Corrutir.- 3?r- 

vicc cf 7:-ookV"\  ". ?• f<v rolu*lcn.    Tie r*rvlts of t: is «••.;:-.- 

pvtctlon,  ale:./ vith l> !ia:ro:::*' oo*f:'i-'.eirts .rbtairAci f;vr,   .;.c- 

aro    :ivon ir. Tr.blor I ar.4  II, 

"rcwir.!' t' e }-nrrr-*c. ooerfrie :.**?,   -'re ecyiatio:.* for t: e 

t'.r:3t,  pitch!!.;: rmor.t,  ro*U •   ;• rmrient «.no trrquc vsro rV^alr.e*. 

XT     -     X*5     *» ». •»  -   I 

«•s .4 
•--— /A 1 ;i?c) 

-1--. ~^_  
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c.     c 7                    3                                              A x-r — x^  i                    ft *j - «w . t 

?                  ? 

6          > J2 

..2        2 
X f     •   AT    1 

(16c) 

-  B,9)     (19c) 

X- 

r^ l^tji^o) +^:2!=i) 

+/>-<•% - 8j2)c2 - j^C. -$.)<2«.| + t.f *..f + t,|*e,|) 
J 

i     SLjSsi I :<•„)•., 

•1        y- - x- , 
fa. 

rn 
C;c) 

Upon r-ul^t: tut Irr. rf the values frcn ?-::l<?   i^ec-fiti^rr 17c,  r Be 

ft-.c 1^2 bocore: 

auV ai2^ 4 a:vi* fti^f: • Ai 
f % •• -  V 

V«    .•» »»<•» ,K 

••» *> .^:5 + .*?!'? >\ v .A'55??>wwfc 

m *»/ tu..r-.oor?ri+ i.r?i?c.yx. ^~1 
14 

-1 S* 
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where: 

a2lVa22^Vl4V2- A2 (I5d) 

ft21»-.om76 -  .ntU^ -  ^5927^2 

ft.?2 «•.r-,lnr>*. -  .nr'r^77/fc'? 

&?->5 4.?BP9 -   .nl*l8/* + .13-7/L1 

A, s - 2n   -  (,01280 -  .0165-8 I*- .a???ju,:)0, 

Ro*an + a^* + a,,c  v a^,,cn - A (19c) 

where: a.. * -."*0''?"17+ .6;?i /A, - .r-rr'-:f> 

a«,* + .*",°-'l',5)ui-.eil?^2 

»jus •.:*,?6 - .^?599>A> .*056>: 

A,* - £L   - (.000550** *.W*?9>A- .r-N15^X)c, 
"I* 

".is set of ..ree equations In four u~.k-.ovvs rn; b* rolvc 

in terrr cf -0 ,if «•_ ir treats ^P a fcnovr. quantity. Thus the 

oa^atlcr.s r.a*   Ve rewritten as; 

n. ,z* 4.«r»fl+*l!ic2 , A,  - •» 

*~->w f ft^\ *.a„ c« -  A.  » R..C 

a.-^ 4 a».*ac. 4-a«ic_ - A, . a    * 
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(A: - auV a I', 

'A'?  "  a21*0)       a^       a 

0( = 

2^ 

A3 - ana
0      *->-*    a- 

ai.?    an    au 

Ä22      a2?       ft2^ 

a *5r> ^-5*4 ft-Ji; 

(27a) 

~>:r-anSlnf this determinant,  th<* solution for * becomes: 

(A!   " allao) la??a?2; - a^a^] -  (A2 - *?l*0) F»13ÄU - a,,R,   ' 
c< = 

ftl?-A2?Ä3i»-*33»2b)   * a2>(a13a3i*-A^.V) + :^:(ftra--ft^a1^) 

(A- - a    a   ) fa    a      - a    a    1 

<    i - J 

a::{e23R3U-a33a
2z*i  - a:j'ai;a;^a-:^1it^

a32(a_av-a:.a,;) 

Th^of'rc o< :a;   V.o c-rrcsr?". ac: 

*rK 1>K1   *( P?c) 

where A, fa 1  VS'V1:^ " A2(al?a3U-a„a^) + ^(A    .    .n_a,.; 
U 

 i ^  



PRINCETON UNIVERSITY 

AERONAUTICAL ENGINEERING  LABORATORY 

PAGE     '_ I 

REPORT   '  " 

,/l 

,cn.(a23e?^a33a2iiWa2l^-i3n3^a33aiU» - ft31(ai3»2ir*23ÄlU> 

Ik 

* a3^(a13a^ ~ a2A^} 

P..' ar: erac+ly  slr.UAr prccene the ex >re?r>ionn for c-,  and  c       «n 

tens 3 of -0    ray be obtained 

C1 = K?+K2 C, 

2= K7+ Ö  * 

(28) 

(2^) 

vh'"v.v 

r„ 

A, (a^a .   . a,-a.,i() - A«(a„r.,   - A    •     *,.   # 
-1" ?L        2*  ;k 2l*32Rl4 - Ri.^i;^A,(a    a,,   . a,^, ) 

?      - 

Vft3?S? * a?:a23} " A-u.->3ai2 - a
?:

ai3^ • ^(a^a,, - a^a.., 

—-^ - —. •:,-.--£?,. •>^-'-Ü"L •" * -••— 
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-«• (a^o^n-) - n«>^A^*5;-f ftn-i (a-j^a-»o  - a-j^a«^)- a~^fa-^a-i -- a^a-i-j) 

anc &. 1? "lv?n by equation ?7c 

!;*'T*itutin1:  the vM.ucg fron TO V   II  into  eoia^irnr "??,   13c 
.i 

av.ö  Vr,  the err rose Ions ^or t'ne E anr  ?C^ coefficients Vecoco: 

f(   #^«?79 .   .C*?5^/^-  .n^-V^t .^ij9^^A?4« .^r-2^7^)5s 
vT 

-M-onon*?* ,-»o?i;JUL .  .ci^T^^.iitscjw?. ,"0^175->A.4; £l 

+ (-.r;>^'  + .(vni265/A.+ .Ä?^?*/AX-   ."^7"JJ?-   .'?*;5yU4 

•V. • .-•>*»-£•> 
> /-  .^7^/^) - I 

&.:. « -.*J.«:7  •   .^-^0-^*.'-^^. . -y- .    4 

V '•?>*- **A4 f *>i 

,4 v :-. L*\ » (-.^V?^^*/!^^1* »ar?5^/^ * B'^kLj/fl ) U 

• (.*t",>\- ^••/H/t1- .i•>?-  r'^z'J^) £r 

•so^^   t«/ »1 

.*; -   .^C "•.<?:? Ik".   .00 ?•">?>*?•* ."';•" •>*-   .' > "/* 
1  ' 

> 
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>" 

(-•• 

v e re: 

A =   -^VJU/K + S"'^   >X •y.-;u^jjc- .rr.?3ii>3 - .^i-^yS+ri'--7^ 

+ .-/nor.70P/M
l 

\  rl-r.1?  fer:. c? *::•   tcrcyje  e*"-ft*ior*  in lacVlr."  :ecv:?-   i* 

ir< *ct  fi. 1 ir.oftr es:.atior.,   -v,.:t  Involves  square"  terr.« ^-v"  ere.*~ 

product!».    >•  s,;*,etlk,.: + lr--  tie valuer  or T;..!;   II  lr.*c  ••»c-.-stior. 

• > 
**.*  tcreue eq*.a*i.v  :..*»;   **e ex;r*c?*p5 Re. 

x ^   .        ~     i       I*   »       ....        i 7  - 

'v   • 

v .f»re 

r7» »*-.' *   Ij*. • ." * ] "11 JJ.r) 
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3,     «•- 

Pqs (.r^inn^ .   ,P00*$77/*1 ) 

?n*(.r?i?a - .a^S/x - .01201^ •*}*( 14^ 4/*%*!] p- 
?. * 

B,,s»(-,002"1? -  .005616/».-  .005205/*?) 

S10«(. 07202 -  .002599/*-  .03927>*?M.02707 •.OTwS/*1)^ 

r^f-.ronQii^^ + ^fo^/it -.00259^ + .°5i*ii*>*3l>: + (i4.^f5 is 

r, c*(ü 4 f l4/*4J^y^^'J:.   + (.T019 -  .00o3^/A+- .":"?r>»a. 

4(,*??^ -  .^2?"7/J?55:-S 

V. c,   ."; r.r/   -r  Into rh'» torque cv,;nUon *>?,   it r?.r. 

ti c A, :%i.4ic •••* atic . re;u is. 

%c:\ I'cuu .*or.. 

M g > 

V'-»j*f : 

1 ^ n       1 r % " • 4 " y\ 4rn>- 4:>,//i4 (' -j^^f^K^rgK, 4 • 0i',)K, 

•   "5  • *• 

111 1 1 

• t?I; 4 r^K«. 4 ;?v -5 t :I2''* )•-.•'-« 4 I r,:!, • ' ^ ><'." * > --"i 

: * I154 v.";K;4 37 4 r.;K^ 1 r>oK-;)K|4i! irj'-?. + 1;*' 1 •'';••' •• "•.*'•':'* " !•'«••-3 

-:"- - -" ,-^^_^^^B 
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Therefore  the  eolution for »0 becomeP: 

• O - (??) 

:->vinr    btfilner. *Q fron equation ??, the values of «( ,  C]_ and 

C2    can be  >v talnec by fcubntitutin.' th& annrororinte valu J of ft0 

(only one root of equation ?? vill have physical neanlnf '-,   into 

equations 7?c,  28 ano 29. 

r.va^ut^lon of  the Circulation I?intrlbutlor 

Ti-p vaV:ee of the variables *0# •< ,  ci anc C2 r.ay ' J sub- 

stitute-* into  equation 15c f an5 the values of   —TL    ^n ;able I cSLn 
vhich vcr*  tabulated for unit  values of each of  the  eif:i :  f*rr.3 

-a;* r.c*-' be  rcrrecter*. 

•r-  :-0. rorrertlcn ractcj 

^2(c?    -  2* ) 

o 
ttl 

cl 

>Ä0 

AxC*> 

2 

7;C final valu« of      r      at each    Ivota] joint 1« the nua 
cl4n 

cf the el.-ht corrected contrlbutlono. 

•AS"—~ rii^— ii  in • n—riiiiii 
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~VAJ ugt inn of th£  rovnvarh 11 rtrl^ut Ion 

Kno'lar thr  circulation V At each nlvotal  nolnt  n*.  p.nc" 
»i * 

tre v.V.2T> nf AQI o^ , Cj  n.'iC. un,  it in poerT'l^ to ''»t-Tvlne  tlv 

value ^r the  '"^-••nvash ^t ear1-. nivflt?/!   "joint V;-  solving equation 

T     -  *" "      oC ac v 

Tlvl-lr.^ bv cflR a:»c   solving for the  tovnvaah,   the equation 

becomes, 

C?b5 

V,.  o(jj 

3d** -2   (J^L) 

.«.<*..   t Vr •  o( - « !.o  e^^r****   !or. for   -••••       **—    fror, c~".itir^. 
Si R 

vcc     M r  f.'.. *1 crrv*ß*lon for the '/.••n,,.i.."h beeones: 

•V.  :AR^(e? - "X ) 4  *, 
\ •1 »o * * »1 

• >:, c-conVn   * \>*fc
0 • >,•c',   *->^-^ ) ]   ?-** Y 

- - -     a    e II .-•  ; 

.r:, 
"^  :^}    ^   V °,-'t"llr^' f"or- *** correct-» vA'ue* nf >/•:•  : 

• * *j n 

VT' .* ''.-r. of the ,\\r ! -v' "! r*rlb*.itier. 

*  'I't   "13trV* «tl^n r*\y h- oM-~.lr.r-"  f:*~:- the ' •» 

V-itr-r  "1ft  tc eir^.i^lon 

• f*     *r>    f\ — 

•»      • st' ;P \ / 

- *   -    * •  . 

**•;-.••*'••.* **»* vy t'.-* r****** i'-n 

_ 
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-T-tr    r   3>    s*o   +   Gncc;-V4   t^rin^* g,,cor:?V + t,9  rin2^ 

n    ftflC vi'.rr?  the  r*T:bol 5"    lnoinatcs t;.at   tni  values of  ß.ol   e.,, 
\ *• »• *•' • • 

t,,.  usf»r   in tie  enufttion are  thrt  rurrations of the  corrected 

values of    B.   .   s.    and t.    for each of  the 8 terse  tabulated lr. 

Tihl€  I,     !!otf  that tr.cr" arc  four r.jch  ecr.:a?I~r»*, o^.r for each 

T     .-•   - • *•»   *4ft  »t   Par'     v.'   •    ' "" ;--*'i"l    »Gl*tc  r.a;.   :->   -^y-:o3"? 

V   x *  11 • r, ' «•   O 

L'ot"  '.hit alt of the T.:a4.ionr • :*?:? *.tf"   .*:"* '-:.-.*   *-  the 

•I*   TA-  ca.?* f;  n rot-,r, c-.;: r- -. 

-   r *,:   a « - .   . :TK ,  a       r-  s J. 

1*:   • :.r*.   :.;r:.al   ::   f.', '•;->* '.--.z  ;'•?.*  ---•:-   ' i   :s  c.-. .r-   * It*'?   ••:• 

r: .' ar. *  »T.a*!     r   **"   *•* iou**h  "'"    a" ': c   r~ :.rl *erc " ar  a    oem* 

... * -.- 

r^r-'j       "**•• *:.*   v **   :****,   a*.'   to   ?hfeh  *  f     •"»*' n.*'   ' *•  r-r- 

n . • . 

. c » . •...-. 

,   -••,•./."   • 

*»*-••      r\: •    /» 

.f :: o v- ,   .fl ;r.-.~   •:•• 

•" p i*     %   r '^i*\. '•''rt r 1 r * 1c ? of  V;-*4  . • lic^"   \ci   ar.*.r c    *" 

t '• 1 "•   r-yp      'A  A rc  a a  f r.!" r v r : 

... _   -    .  :,-..  ,—   ..-     -  
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^otor rac'ius,  R 

!'unr.c»r of  blade5,  b 

W lbo. 

19 ft. 

ratio of average blade  chord  to  rotor radiuß, £        i- 

PlncTe  twist,  «1 

p*~f* a?radynanic  characteristics 

a 

*o 

- -30 

5.6/raf.. 

->o 

Th" f 1 irht condition analysed is describee*, by the fata bslcv 

r.".r. delivercd to the rotor 

ho tor r.v. ,r\ 

Air density, ß,  sluf-s/ft.? 

7 i ~  G "0e r c*  ra t io , ij^ 

Evaluation of Constants 

<- „  be * .06?66 

v>< :-:: 

.rr;??5 

r-.cn EH? 

r    .^052? 

ri 

w», ^ 

z - 3223 ft   lbs 

r    -  .00C??8 
fir(&R)- R 

r   .0S19-3 

3   s    .0:5152 

..T*:.    ' 
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r. only  the  rotor Is bring conslflsrefl CT   anr*  2    nrn as- n 

sunCv  to  oe ?oual   to zero. 

7nlu"lon "lth Constant   Ingjcoc; Wlorlty 

r*!- on r.°f. ro': ** l    th'*  ?nu?. tior.r  thet  '-"ll^   b- u**" 

loii nr  : 

?! ruat *>M-:\t inn: 

f V 1 « 

fe-,( f 

vhere r>*l -   J:cT 

o*i ' inr* 1 on^nt "'''i^tlon! 

(+->c~ + i-A*)*$-   *   -^ ^'v/ip       C^B 
• - ^fijt. 

: itrhir.r r'ownt "mm t ion: 

1 "   'W "     ^ 

Tnrcug tarnation: 
„ 2: U 

ft.-' ^.oAR    i Av    [f   -   gjS     -^~ 

5 ,1 

4*B£/?2 ^B?foCl 

-   - m 
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Upon nolvin:: these equations the folio--inn results vfcre 

obtained: 

c, - o 

c? •* -.09*80 

* —13.3° 

2gj . tlon Vlth Variable  Irv^ucej;  u»1orlty 

a) "valuation of coeffielento 

"*. Tror. equations ?0 through ?6: 

r» = i 

1*2 

5-; 

K-   s 

=.    .005762 

=    .02150 

_ mh'if • -«. * - • 

v 1    -  r    •> i -s a 

2. : re- ev:ri:r; **? 

-.r'66 

-,on66U 

~r  *    .'»770 

*> * 

-   — 
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T"! -.0654^ 

7   " 
nfiffoo 

nf)OTD 

»"I :0    - ,027^5 

"in - .0652? 

~11 = ,nr'-.?~6o 

*-> :12 = ...00^2 

5n «5    — 08c* 1 

-'1    ii         — -.~'7/v^ 

L-i - r  -,/''-+ rv^oi^ 

;n nrv;atlo~  **8 

x -.7-0 

= .15 ^ 

- ^1 f^lil 

Evaluation of ft, 

r.*1 -,  r.A*'  rr  •*rit*rTi c. 

*1 ^ ^ 1» ^ * 

fc     . //rrt i   .05590 

iraffgi»nft"lifil''T 1 ""   i'»-!.!-r»^llMI I'IH I  •!•! •!  II     •••• niM 
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DnCU33T0K  OF  R~1U:73 

7iiö  inafrinary value o^tainea for the an^le  &G  clAarl:*   "en. 

on strata a that  there  IG  ror.e error in  the   eolation.     Tr* r.ajor 

centrist ion to  this recult  seens to  cone  fron  the  large rorative 

value of trie  coefficient A of  equation  ?3. 

"Joon exÄr'liiir»" the  results of the  sar.-le  calculations,  an 

investiratlon v-as  started  to  cetenv.ine  '--here the  difficulty vas 

arlsln".    M   the onset of the project,   difficult;.' vac encountered 

In iGCGt-n."* the ~ivotal points an-?  the erroneous result" ob~ 

tainec  v^.i-oeo a re-e-rani .atIon of these ;-cintfi.     In r.eferr-:- .->.:•  1, 

similar trou"1"-"! e.F. yore e.-.countered an 6*   rolver. bv a trial   anc. error 

rethc",  but this reV.cr   appears  to ho  unsatisfaotcr;.'  for -\h?  're- 

sent p:\hler.   hue to  the err ense  irvolveö  in vorhin;" each trial 

solution. 

Ve stated previously, if a oivotnl noinr is placed too rlcse 

to a vor*cx line, the value of the c Ircul at ion or "ovnv;n~* calcu- 

lated at  this point cannot he a38r~e;"   to  represent  the average 

rV.vnvarh in +he  ror.e.    Ty exftr.inir.f Table  I,   it ••i;,l he  jo:n that 
r» 

a-:    i.-r.':.'    ;oin*3 11»,  lc.  6b an:*  6c  the valuer, of    —7«-    are 

erhai errat*'     S'n-'S  thf-  rlov.rr•ash. at r.hl  the •» ther 'ri..t7  is 

a function of  the   *o'*nvash at  these  joints,   it  is to be e;~ ectec 

trat a  ell":* char, e  in all  the on'cr vaVucc voul>*. occv.r,  if  *.he 

va* •-•.* fit Ih,   h:,   'h a-.l   "c vere  :orrec*ec*;   *;hlf   .•' r>.:\ e,  of 

R0«irc<*,  hAl"     -ore   t?ever" at  those v.lvetal  • ~lr.tr:   tr.   .: "   l^rÄ*i- 

atc  vielr.it: ,   i.e.  1A,  lc!,   fa anr  t'h. 

7. iß  c'. a:. *e   in  the o*her vel\:en  : a-:cs  !*• rra^tlral" :  ir »0 •- 

•aai'ir-'-.r ... 
-""-•- •••"-«•"--: 
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cib"»*    t? -relict how a correction of  the faulty points -ill af. 

feet    the final rrrultJ,  rlthout revorkinf  tho e:;tirö  cor..;u*«:a- 

tlons.     3ose  cstiuavion nay bo obtalr.ec,  however,  by plotoln.^ 

^he  vaiv.ea of    __P    as shown in Fi.-t?,   5,  T,  c  an:*  3, and re- 
c XL R 

calculating tb.e r.arr.onic  coefficients.     Ti.is is ftor.it t&c;ly a 

very eru^c appreciation,   but  ic Iz about  the only nechc" of ?s. 

tir.atiou available,    7:.iß Drorec'ure was follovef for terns 2 an; 

5,  vie'cln.- the  fcHovir.,- result.-. 

»-« -. 

i •>•• i •-   r 

V«, ,22(.'8 

.0^173 ."1*^76 

3 . 
"C 

W      ' -,v;£vl 

-.co^:3 

.vr: * 

•% 

.Tri 

b-> 

"v.-  • 

..•?«'.- 

••  n 

..•t?e? 

-!•:* 

_-Z_L._ ' [jfrir irnWrt« 
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harmonic CJoof f loients 

*i 

j^ 

*n 
'O 

'C: 

•C"> 

Former values 

2,3?0 

.1*0? 

• _.' — '•''' 

1.857 

-,7?a 

.::an~oc values 

1.6971 

• 1 ^ •*••- 

_   ryci;*»*? 

1.91-: 

T hp above  ~havec  in  the harnonlc  eocf fie Irrt  for   Vjrt tvo 

of the el'*ht  *err.s of eqtation 1*5c was  sufficient to change  sov* 

era"   of   L\e  K :;r/  r f.:efficients in enuPtior. ?8 la cue/ a na.nner 

an  to   „r.rieato   il.a*  verV.apc   the A, coef f i»'ier.*  in er;:, a tier. ?-u* f 

>e rftvi* to c; .we  sir;:   if at"1   fi  cats verft corrected, 
rK~ V.'? *?nfti" of there en1 relation •?,  .ir.  invest:-"at ion "ac 

ßtartft'"  fr   r'ct-*»r:;ine  *rhe  '-»er.t nethd or  surnountin-  t\°  ftiffic.:!- 

tv of ov>? .:•   t: s  a. era  r   . ov/u••:**»:*   in  oa 

-» an'      the nrcMer   ic not r>artlc»;larlv ac-tc an-   the v.luce cf 

"he    cvrnvnn;.  (•<:•:••.;>•.. te." at *he  1 ivotaT  vein4"?  ic nro\n>l.   r-ac"1".- 

ft*«!;'  close  \c  the  average value  in the  cone.    "ear the trAili   • 

a? e of the rotrr, however. <»ue to the increased number of vortices 

rasclnp through each zone,  the situation becomes critical. 

A rigorous rjatr.eratic.il   treatr.er.t  cf   ''. ic -:v.ü.er. -orn^s 

too oo'pie/ for practical  solution,  so  the pessitilitier arc re- 

vVieed to sore  forn cf an arrerlcal approach.    To • : csfvillti^c 

•*hieh were  investi*:ater: vere  firstly,  the  nol  in,: of  several 
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chtf f:.?r*'nt rotor' -••1+1. c'ifferent zonal cisivio-ns anc3. avern.-inp; 

the results;  ant*  secondly,   the ro-v-tln- of several  elfft»r *nt pi- 

votal points ''itr-ir: the  carr.e  ?,ono i\:.C  the averarinf- of  the dif- 

ferent vali.ee of dcvnvash to obtain the average  clownvash  in the 

rone, 

? -» rcntr- of hcthi -et.-oc'r ehoislä he verr near*:' the  cane, 

pro vie \\>.r  "he fcrea of  the  zones bclnr; ccr.chf.erel l.z no4   *oo  ~reat 

A? the fi:";*: r.ethoh -roult". rcqnirt:  solvinf: each  set of  Ltnuitar.- 

eous eq.a.lons several tines,   it was discar'e.f. ar hrii:.r inprac- 

tleal"7 expensive, 

T1;ü  sc'ccn" method,  however,  could he aoplie* without  voc 

rreat, an _..crease  in the  computational expense.     In detail  U.iß 

ne*h.O'"  vcul,"  he worhec*. as follows: 

Fir*.  '•  slows a typical  rone -CE.I the  trailir.r e: ::   ..   the 

rotor vi h    s3ve4ul   .ore it Ices pa nine* thrcurth it.     I.-.tSfh  of 

cor.-ri'lerin;   hut one vivotal ooint,   It will be assu::.ec*  that  the 

'-wnwarn will   he   cor- uteC at   the    ol .tfj lahele^  1,   ?  an." ?.     Mr  a. 

tior.  ?.  "  1'  J. :   ih>v. ,.,ash.      '.3 ' ?< or- • • ; 

AH &vn., - ^-ja K..«— 
•':   TT   R 

J.vW } 

Ar-- / ... _     . *-*..••>     r     
..••v t 

7 e n:»*ra**»  i'nwnvM«;; "ny  *h\;n hi!  exnrosr.e:* ftc; 
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"* V TTTTS 
Kr<;u 

where K1„*M-   = 
•v   "• n^wc^ Hj.,vO HjitJ. 

Upon cet? r.inint': the value of K1   ,:..T the rest of the netho 

rsr.alr.-! urxhanrec. 

Due to the  lack of funoa an;;  tine rcn.alniui   for  the  ccr.ple- 

:i:r cf  "^  :er.tra?t,  farther t"v&Qtl'*Ä*ior.8  ^re r"leventi:.\>e<.". 

It r.up,i   he  wOnrlu^C(*  t/.at  tv.e :/,e^hoa as i:;v£3ti£ate:   ir. 

this  reucrl '. ar»  several  r.ajor faults,     T'.e  relatively  =• all  r.: 

her cf    i*ro al  poi.to ccy.s-: ^ere *. -:a.ec  iJ-  extrerc-1;; Ciffleult 

:lot  c ./vC;   -1th a..; ree cf ace-.rav,  v' ül*   "  e   -err-erry  :f 

h.r.  re tor   --"c  r.ar.es  tt £iff!.r It   ..o  lecate   .he  •.•.:::: ;.-C1:.:J 
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